An extension of the input-output relation for a conventional Michelson interferometric gravitational-wave detector is carried out to treat an arbitrary coherent state for the injected optical beam. This extension is one of necessary researches toward the clarification of the relation between conventional gravitational-wave detectors and a simple model of a gravitational-wave detector inspired by weak-measurements in [A. Nishizawa, Phys. Rev. A 92 (2015), 032123.]. The derived input-output relation describes not only a conventional Michelson-interferometric gravitational-wave detector but also the situation of weak measurements. As a result, we may say that a conventional Michelson gravitational-wave detector already includes the essence of the weak-value amplification as the reduction of the quantum noise from the light source through the measurement at the dark port.
Introduction
Weak measurements and their weak-value amplifications have been currently discussed by many researchers since their proposal by Aharonov, Albert, and Vaidman in 1988 [1] . In particular, the weak-value amplification has been regarded as one of techniques that has been used in a variety of experimental settings to permit the precise measurement of small parameters [2] . This paper is motivated by these researches on the precise measurements in quantum theory.
As well-known, one of typical examples of precise measurements is the gravitational-wave detection. Recently, gravitational waves are directly observed by the Laser Interferometer Gravitational-wave Observatory (LIGO) [3] and the gravitational-wave astronomy has begun. To develop this gravitationalwave astronomy as a precise science, improvements of the detector sensitivity is necessary. So, it is important to continue the research and development of the science of gravitational-wave detectors together with the source sciences of gravitational waves. This paper is also based on such research activities.
Although some researchers already commented that the weak-value amplification might be applicable to gravitational-wave detectors, we have been discussed this issue, seriously. The idea of weak measurements also proposed a new view-point of quantum measurement theory together with an amplification effect. To discuss the application of this idea to gravitational-wave detectors not only leads us to a possibility of exploring a new idea of the gravitational-wave detection but also gives us a good opportunity to discuss what we are doing in conventional gravitational-wave detectors from a different view-point of quantum measurement theory. Therefore, it is worthwhile to discuss whether or not the idea in weak measurements is applicable to gravitational-wave detector from many points of view. In particular, the comparison with conventional gravitational-wave detectors is an important issue in such discussions.
A simple realization of the weak-value amplification is similar to the gravitational-wave detectors in many points. The base of the conventional gravitational-wave detectors is the Michelson interferometer. The arm lengths of this Michelson interferometer are tuned so that the one of the port of the interferometer becomes the "dark port" as we will explain in Sec. 2. Due to the propagation of gravitational waves, photons leak to the "dark port." The measurement of the photon number at the "dark port" corresponds to the post-selection in weak measurements. This setup is regarded as a measurement of the effective two-level system of the photon. For this reason, we have been concentrated on the researches on weak measurements for two-level systems [4, 5, 6, 7] . In particular, a weak-value amplification in a shot-noise limited interferometer was discussed [5] , since the shot-noise is one of important noise in gravitational-wave detectors.
Recently, Nishizawa [7] reported his arguments on the radiation-pressure noise in a weak-measurement inspired gravitational-wave detector. This radiation-pressure noise is also an important noise in gravitational-wave detectors. He also discussed "standard quantum limit," which is a kind of the sensitivity limit of the detector, and proposed an idea to break his standard quantum limit. Details of the detector model inspired by weak measurements in Refs. [5, 7] will also be explained in Sec. 2. In this detector model, the optical short pulse beam is used to measure the mirror displacement due to gravitational waves, while the continuous monochromatic laser is used for the continuous measurement of the mirror displacement in conventional gravitational-wave detectors. This short-pulse injection is one of ideas in weak measurements proposed by Aharonov et al. [1] and the main difference between a model inspired by weak measurements in Refs. [7] and conventional gravitational-wave detectors. Furthermore, in Ref. [7] , arguments are restricted to the situation where the mirror displacement is regarded as a constant in time, while we have to monitor the motion of the mirror displacement by the continuous laser in conventional gravitational-wave detectors. Due to this restriction, we cannot directly compare the results in Ref. [7] with those in conventional gravitational-wave detector and the meaning of "standard quantum limit" in Ref. [7] is not so clear.
To monitor the time-evolution of the mirror displacement is important in gravitational-wave detection, because it corresponds to the monitor of the time-evolution of gravitational waves. Expected gravitational-wave signals are in the frequency range from 10 Hz to 10 kHz. When we apply the detector model in Ref. [7] , we may inject femto-second pulses into the interferometer and a sufficiently large number of pulses are used to measure 10 kHz signals. Since we want to continuously measure the time-evolution of gravitational-wave signal in the range 10 Hz-10 kHz, we have to evaluate the averaged data of many pulses, continuously. To accomplish this averaged measurement, the different treatment of the detector in Ref. [7] is required. In conventional gravitational-wave detectors, the response of the detector to gravitational waves is discussed through the input-output relation of the interferometer in the frequency domain in the range of frequencies of gravitational-waves [11] . Therefore, to compare the results with conventional gravitational-wave detectors, it is natural to discuss the input-output relation for the weak-measurement inspired detector model in Ref. [7] taking into account of the time-dependence of the mirror displacement.
In this paper, we regard that the Fourier transformation of optical fields are averaged variable of many pulses with the time scale which cover the appropriate frequency range and derive the input-output relation for the model in Ref. [7] . The important motivation of this extension is the comparison with the conventional gravitational-wave detectors. To carry out this extension, we have to consider at least two issues. The first issue is in the formulation to describe the input-output relation for the interferometers. In the conventional gravitational-wave detectors, the input-output relations are always derived through the two-photon formulation developed by Caves and Schumaker [8] . However, it is not clear whether or not this two-photon formulation can be applicable to the situation of weak measurements, because the aim of this formulation is to discuss the sideband fluctuations at the frequency ω 0 ± Ω where ω 0 is the frequency of the monochromatic laser and Ω is the frequency of fluctuations around this monochromatic laser. Furthermore, we consider the situation ω 0 ≫ Ω in the two-photon formulation. It is not clear whether or not the situation ω 0 ≫ Ω is appropriate for the model in Ref. [7] . We also note that there is little literature in which the input-output relation for gravitational-wave detectors is derived without the two-photon formulation. Therefore, we have to re-derive the input-output relations of gravitational-wave detectors without using the two-photon formulation from the starting point. The second issue is the extension of the photon state from the light source in the interferometer. In conventional gravitational-wave detectors, the optical field from the light source is in the coherent state whose complex amplitude is given by the δ-function in the frequency domain. On the other hand, the photon state from the light source in the model of Ref. [7] is also a coherent state but its complex amplitude has the broad band support in the frequency domain, which corresponds to the optical pulse. Therefore, we extend the input-output relation for conventional gravitational-wave detectors to the situation where the state of the injected light source is in an arbitrary coherent state. This extension is the main purpose of this paper. As the result of this extension, we can treat the situation of conventional gravitational-wave detectors and that of the model in Ref. [7] from the same input-output relation and compare these models. Furthermore, we can easily see that conventional gravitational-wave detectors already and implicitly includes the essence of the weak-value amplification as the noise reduction from the light source through the measurement at the dark port. This paper is organized as follows. In Sec. 2, we explain the setup of a simple conventional Michelson gravitational-wave detector and its weak-measurement inspired version discussed in Ref. [7] . In Sec. 3, we derive the generalized input-output relation which is applicable to the situation where the injected optical beam is an arbitrary coherent state and the derived inputoutput relation is the main result of this paper. In Sec. 4, we re-derive the conventional input-output relation from our derived extended input-output relation in Sec. 3, which indicates that our extended input-output relation is a natural extension of the input-output relation for conventional gravitationalwave detectors. In Sec. 5, we discuss the situation of the weak-value amplification of the model in Ref. [7] from our derived input-output relation in Sec. 3, which actually realizes the weak-value amplification. Final section, Sec. 6, is devoted to summary and discussion which includes the comparison of the model in Ref. [7] and the conventional Michelson gravitational-wave detector.
Michelson weak measurement setup
In this section, we explain the simplest conventional Michelson interferometric gravitational-wave detector and its weak-measurement inspired version discussed in Ref. [7] . The interferometer setup of these two gravitationalwave detectors is described as in Fig. 1 . In the setup depicted in Fig. 1 , the optical beam from the light source is injected into the interferometer which reaches to the central beam splitter. The central beam splitter separates the optical beam into two paths. We denote these paths as the x-arm and the yarm, respectively. The separated optical beams propagate along each x-and y-arms, reach to the end-mirrors, and are reflected to the beam splitter by these end-mirrors, again. At the central beam splitter, a part of the reflected beams is returned to the port at which the light source exists. We call this port as the "symmetric port." The other part of the beam goes to the port at which the photo-detector is prepared as depicted in Fig. 1 . We call this port as the "anti-symmetric port."
To regard the setup in Fig. 1 as a gravitational-wave detector, each endmirror, which is called x-end mirror and y-end mirror, respectively, undergoes the free-falling motion to the longitudinal direction of the optical beam propagation, respectively. In general relativity, "free-falling motions" are called geodesic motions. The geodesic distance from the beam splitter and each endmirrors are almost tuned as L. We apply a proper reference frame [9] whose center is the central beam splitter. When gravitational waves propagate through this interferometer, the geodesic distances from the beam splitter to Through this setup, we want to measure the effects due to the tiny differential motion of mirrorsX x andX y by the photo-detector in the anti-symmetric port.
In the conventional Michelson gravitational-wave detector, we inject the monochromatic laser from the light source in this interferometer setup. On the other hand, in the weakmeasurement inspired model, we introduce the phase offset ±θ/2 inspired by the original idea of weak measurements [1] . Furthermore, the injected photon field from the light source to the interferometer is continuous pulse-train in the weak-measurement model. The operatorsâ,b,ĉ x,y ,ĉ each end-mirrors are slightly changed due to the tidal force of gravitational waves. In the proper reference frame, these tiny changes are represented bŷ X x andX y as depicted in Fig. 1 . Through this setup of the interferometer, we measure the changesX x andX y due to the gravitational-wave propagation by the photo-detector at the anti-symmetric port. Then, this setup is regarded as a gravitational-wave detector. It is important to note that, if the additional noises other than the gravitational-wave signals are included in these displacementsX x andX y , we cannot distinguish the gravitational-wave signals and these additional noises, because we measure the gravitational-wave signal only through the mirror displacementX x andX y . These setup are common both in the conventional Michelson gravitational-wave detector and in the model discussed in Ref. [7] .
Conventional Michelson gravitational-wave detector
In the conventional gravitational-wave detector, L is chosen so that there is no photon leakage at the anti-symmetric port (the phase offset θ = 0 in Fig. 1 ) when there is no gravitational-wave propagation [10] . For this reason, the anti-symmetric port for the photo-detector is usually called "dark port." On the other hand, the symmetric port is called "bright port." As mentioned above, the differential motionX x −X y induced by the gravitational waves leads the leakage of photons to the dark port. This is the signal of the gravitational-wave detection.
In the conventional Michelson interferometric gravitational-wave detector, the state of the electric field from the light source is the monochromatic continuous laser. In quantum theory, this state is characterized by the coherent state with the δ-function complex amplitude with the carrier frequency ω 0 in the frequency domain.
Weak-measurement-inspired version
Now, we explain the gravitational-wave detector in Fig. 1 from the view point of the standard explanation of weak measurements [7] . The photon states propagate x-and y-arms are denoted by |x and |y , respectively, and the system to be measured in quantum measurement theory is the which-path information which is a two-level system spaned by the basis {|x , |y }. The differenceX x −X y , which includes the gravitational-wave signal, is regarded as the interaction strength between the system and the meter variable in quantum measurement theory. We regard that this interaction affects the photon state at the time t = t 0 of the reflection at the end mirrors. The meter variable in this setup is the frequency of photon in the interferometer.
In contrast to the conventional Michelson gravitational-wave detector, we introduce the relative phase offset ±θ/2 in each arm [10] in the weakmeasurement version of this detector. This introduction of the phase offset is inspired by the original idea of weak measurements [1] as explained in Ref. [7] . The weak value amplification occurs when this relative phase offset is approaching to vanishing as discussed in Ref. [1] . Furthermore, we assume that the state of the electric field from the light source is a coherent state whose complex amplitude in the frequency domain has a broad band support, while the δ-function complex amplitude at the carrier frequency ω 0 is used in the conventional gravitational-wave detectors. In other words, in the weak-measurement version, the pulse light is injected into the interferometer instead of the monochromatic laser. This is due to the fact that the meter variable to observe the interaction strengthX x −X y is the frequency distribution of photon and the variance of the meter variable should be large in the original idea of weak measurements [1] .
Due to the above phase offset θ, the initial state of the photon is given by
This state corresponds to the photon state propagating from the central beam splitter to the end mirrors. On the other hand, the initial state of the photon meter variable is given by
where p is the momentum, or equivalently photon frequency in the natural unit c = 1. The pre-selected state for the total system is |ψ i |Φ . In the situation where the interaction strengthX x −X y =: −g is almost constant, the reflection at the end mirrors at the moment t = t 0 changes the state of photons through the interaction Hamiltonian
where andÂ is the which-path operator
After the interaction (3), we perform the post-selection to the which-path information
This corresponds to the detection of the photon at the anti-symmetric port of the interferometer depicted in Fig. 1 . The weak value for this measurement model is given by
The final state of the output photon after the post-selection is given by
Evaluating the expectation value of the momentum p under this final state, we obtain
If we apply the standing point that we want to measure the interaction strength g :=X y −X x as a gravitational-wave detector, Eq. (8) shows that the output is proportional to gImA w ∝ g cot(θ/2). If we consider the situation θ ≪ 1, the interaction strength g :=X y −X x can be measured by the large factor ∼ 1/θ. This is the original argument of weak-value amplification in the case of the imaginary weak value. The above explanation can easily be extended to multiple photons [7] . The probability distribution for a single photon at the output is given through Eq. (7) as
When the total photon number is N out , the photon-number distribution is simply given by
This implies that the probability distribution ρ(ω) is regarded as the normalized photon number distribution f (ω) in the frequency domain defined by [7] f (ω) := n(ω)
In the Heisenberg picture, the output photon number is given by the expectation value of the number operatorn(ω) =b † (ω)b(ω) through the output annihilation operatorb(ω) which is introduced in Fig. 1 . This will be discussed in Sec. 5 after derived the input-output relation for the interferometer setup which are applicable to the situation of the weak measurement.
In the understanding of conventional gravitational-wave detectors, the input-output relation for the interferometer plays crucial role [11] . This input-output relation is based on the quantum field theory of the photon field. However, the weak-measurement-inspired version is not described by the conventional input-output relation of gravitational-wave detectors. In this paper, we want to discuss these two typical situation within the same mathematical framework. To carry out this, we have to extend the conventional input-output relation to the situation where the coherent state from the light source has an arbitrary complex amplitude in the frequency domain as shown in the next section.
Extension of Input-output relation to arbitrary coherent state
In this section, we derive an extension of the input-output relation of the Michelson gravitational-wave detector, which is depicted in Fig. 1 , to an arbitrary coherent state light source in terms of the one-photon formulation. In many literature of gravitational-wave detectors, the two-photon formulation developed by Caves and Schumaker [8] is used. However, as emphasized in Sec. 1, it is not clear whether or not this two-photon formulation is applicable to the situation of the detector model in Ref. [7] . Therefore, we reexamine the derivation of the input-output relation from the starting point. This section is the main ingredient of this paper.
In Sec. 3.1, we describe the notation of the electric field in the interferometer. In Sec. 3.2, we derive the input-output relation of the interferometer in which the photon state from the light source is an arbitrary coherent state. In Sec. 3.3, we summarize remarks on the result in this section.
Electric field notation
As well known, the electric field operator at time t and the length of the propagation direction z in interferometers is described bŷ
whereâ(ω) is the photon annihilation operator associated with the electric fieldÊ a (t − z), which satisfies the commutation relations
A is the cross-sectional area of the optical beam. To discuss the input-output relation of the Michelson interferometer based on one-photon formulation, it is convenient to introduce operatorÂ(ω) defined bŷ
so that the electric field (12) is represented aŝ
where Θ(ω) is the Heaviside step function
Due to the property of the Dirac δ-function
Therefore, the operatorÂ(ω) includes complete information of the electric field operatorÊ a (t) and is convenient to derive the input-output relation of simple interferometers.
Input-output relation for the extended Michelson interferometer
In this subsection, we consider the extension of the input-output relation for the Michelson interferometer depicted in Fig. 1 . This "extension" includes three meanings. First, the state of the input optical field is unspecified, while that is a coherent state whose complex amplitude is a real δ-function in the frequency domain in conventional gravitational-wave detectors. Second, the tiny motionsX x andX y of end-mirrors are not specified within this subsection. Finally, we introduce the phase offset ±θ/2 for each arm as depicted in Fig. 1 . This phase offset is inspired by the original idea of weak measurements [1, 10] .
Beam splitter junctions
First, we consider the junction conditions for quadratures at the beam splitter. Following the notation depicted in Fig. 1 , the final output electric fieldÊ b (t) is given by [12]
Here, we defineB
as in Eq. (17) and the relation (21) is given bŷ
Similarly, the electric-field operatorsÊ cy (t) andÊ cx (t) are also given by the input fieldsÊ d (t) andÊ a (t) as follows [12] :
In terms of the quadrature as in Eq. (17), these relations yield
where we defined the operatorŝ
as in Eq. (17).
Arm propagation
Next, we consider the retarded effect due to the propagation along each each x-and y-arm. Here, each arm length is given by L = cτ , where τ is the retarded time for photons which propagate from the beam splitter to the end-mirrors. In addition to the retarded time τ , the tiny displacement of the mirrorX x /c andX y /c also contribute to the phase shift of the electric field. In addition to these retarded effects, we add the retarted time ∆t θ which corresponds to the phase offset ±θ/2 in Fig. 1 . Then, the relations between the electric field {Ê c ′ x (t),Ê c ′ y (t)} and {Ê cx (t),Ê cy (t)} are given bŷ
where
Here, we treatX x /c andX y /c, perturbatively. Through the representation of the electric fieldsÊ cx (t) andÊ c ′ 
In this expression,X x is regarded as a quantum operator. In this case, there is a ordering problem of the operatorsX x andĉ x (ω), but, here, we keep the order in which the operatorX x should be in the right of the operatorĉ x (ω) at this moment. We note that this ordering problem is harmless within this paper, because we concentrate only on the linear quadrature relations with a coherent state light source. Here, we introduce the Fourier transformation
substitute Eq. (37) into Eq. (36), and take the Fourier transformation (20). Then, we havê
Similarly, from Eq. (34), we obtain
through the replacementsĈ 
where we definedẐ
Coherent state of the input optical beam
Eq. (40) indicates that the output operatorB is given by the operatorŝ A,D,Ẑ dif f , andẐ com . In this section, we will see that theẐ dif f andẐ com are given byÂ andD together with the gravitational-wave signal through the equations of motion for end-mirrors, later. Therefore, to discuss the information from the output operatorB, we have to specify the quantum states associated with the operatorsÂ andD.
The state for the operatorÂ is the state which is injected from the antisymmetric port. On the other hand, the state associated with the operator D is the state of the electric field which is injected from the symmetric port. The total state of photon in the output portB, i.e.,b, is determined by the specification of the states for the operatorsD andÂ, i.e, the annihilation operatorsd andâ. We assume that the state associated with the operator d is a coherent state with the complex amplitude α(ω), the state associated with the operatorâ is vacuum state, and no entangled in these states. Then, the total state |ψ of photon is given by the direct product of the photon states of each frequency as
In the Heisenberg picture, the operatord is replaced as
In terms of the operatorD(ω) defined by Eq. (32), this replacement is equivalent to 40), we obtain the input-output relation as
This is the most general input-output relation within our consideration. In Eq. 
End-mirrors' equations of motion (time domain)
In the case of gravitational-wave detectors,
are evaluated through the equations of motions for the end-mirrors. We assume that the mass of the beam splitter and end-mirrors are equal to m. Since we apply the proper reference frame [9] of a local inertia system in which the beam splitter is the center of this coordinate system,X x andX y describe the tiny differential displacement of the geodesic distances of the xand y-end mirrors from the central beam splitter, respectively. The equations forX x andX y are given by
where h is the gravitational wave signal which is derived from the tidal force due to the gravitational-wave propagation in the proper reference frame and m/2 is the reduced mass of the differential motion of the end-mirrors and the central beam splitter. Furthermore, F rp(x) and F rp(y) are the radiation pressure due to the incident photon.
Radiation pressure forces
The radiation pressure forces in Eqs. (50) and (51) are evaluated througĥ
in this paper. The right-hand sides in Eqs. (52) and (53) are just twice of the pointing flux of the electric fields which incident to the end-mirrors, respectively. Performing the Fourier transformation of the electric fieldÊ cx , using Eq. (35), and taking the zeroth-and the linear-order with respect to the operatorX x , the radiation-pressure force (52) is given bŷ
Substituting the Fourier transformation (37) ofX x and taking Fourier transformationF rp(x) (Ω) ofF rp(x) (t), we obtain the expression of the radiationpressure force which affect to the x-end mirror in the frequency domain aŝ
where we use the notation = . Similarly, we also obtainF 
End-mirrors' equations of motions (Frequency domain)
from definitions (41) ofẐ com (Ω) andẐ dif f (Ω). Here, we have regarded that the gravitational-wave signal h(Ω) is a classical variable which is proportional to the identity operator in the sense of quantum theory. We also used the displacement operator D d is time-independent. Equations (57) and (58) indicate that we have to evaluate 
Through Eqs. (55), (56), (59), (60), (61), and (62), and ignoring the higher-order terms of the vacuum quadrature and displacement, we obtain
Through the expressions of the radiation-pressure forces (63) and (64), Eqs. (57) and (58) of the end-mirrors are given by
The explicit representations of
are given as the solutions to Eqs. (65) and (66), respectively. Through these solutions, we can evaluate the input-output relation (49) in a closed form.
Remarks
Here, we describe some remarks on the results of this section. In Eq. (49), we extend the state of the photon field from the light source from the monochromatic laser, which is described by the δ-function complex amplitude for the coherent state whose support only at the ω = ω 0 , to an arbitrary coherent state whose complex amplitude is described by an arbitrary function α(ω) in the frequency domain. Due to this extension, in Eq. (49), we have to evaluate the convolution in the frequency domain, while the integration for this convolution is simplified due to the δ-function in the conventional Michelson gravitational-wave detectors. Since the complex amplitude for the coherent state from the light source is arbitrary in Eq. (49), we do not have central frequency ω 0 of the complex amplitude, the sideband picture around this central frequency, nor the approximation ω 0 ≫ Ω. These are due to the fact that we did not use the two-photon formulation.
Furthermore, we introduce the phase offset θ in the input-output relation (49). Due to this phase offset θ, Eq. (49) has some effects which are not taken into account in the input-output relation for the conventional Michelson gravitational-wave detector. The first one is the leakage of the classical carrier field from the light source and the second one is the shot noise from the light source. These are described by the first and second terms in the right-hand side of Eq. (49) 49) is determined by the equations of motion of two end-mirrors which are given by Eqs. (65) and (66).
The equations of motion (65) and (66) are also modified due to our extension. For example, in the equation (66) for the differential motion of the end-mirrors, we have to evaluate the convolution in the first four lines in the right-hand side due to the extension of the complex amplitude for the coherent state from the δ-function δ(ω − ω 0 ) to an arbitrary function α(ω) in the frequency domain. Furthermore, the third and fourth lines in the right-hand side of Eq. (66) appears due to this extension. These terms do not appear in the equations of motion for the end-mirrors in the conventional Michelson gravitational-wave detector, and arise due to the modulation of the shape the complex amplitude by the retarded effect due to the optical field propagation from the central beam splitter to the end-mirrors. Moreover, the direct effect due to the classical carrier part from the light sources and the effect due to the shot noise from the light source appears which affects to the differential motion of end-mirrors through the introduction of the phase offset θ.
Thus, we regard that the set of the input-output relation for the extended Michelson interferometer (49), equations (65) and (66) of motions for the end-mirrors is the main result of this paper.
Re-derivation of conventional input-output relation
In this section, we show that the derived input-output relation (49) with equations (65) and (66) of motions yields the input-output relation for the conventional Michelson interferometric gravitational-wave detector.
Input-output relation
In the conventional Michelson gravitational-wave detector, the state of the optical beam from the light source is in the coherent state with the complex amplitude
We note that α(ω) is real. The corresponding electric field with the amplitude (67) of α(ω) is the continuous monochromatic carrier field with the frequency ω 0 . The normalization factor N is related to the averaged photon number per second
where I 0 is the averaged power of the carrier field. Through the definition (47), the classical partD c (ω) of the input light source is given bŷ
Here, we concentrate on the mode with the frequency ω 0 ± Ω. For these sidebands,D c (ω) given by Eq. (69) includes terms which depend on 2ω 0 ± Ω. In the time-domain, these terms includes the factor of the rapid oscillation e i2ω 0 t . Therefore, this part can be removed in the data taking or the data analyses processes and we ignore these terms, since we concentrate only on the fluctuations with the frequency ω 0 ± Ω. For this reason,D c (ω) with ω 0 ± Ω may be regarded aŝ
Through the same approximation, the input-output relations (49) with ω = ω 0 ± Ω are given by
and Eqs. (65) and (66) are given by
Here, we consider the situation where ω 0 ≫ Ω and we apply the approximation in which ω 0 ± Ω in the coefficients of the input-output relation are regarded as ω 0 ± Ω ∼ ω 0 . Furthermore, we use
so that the anti-symmetric port is the dark port. We also introduce the following variables
In addition, since ω 0 ≫ Ω, we should regard ω 0 +Ω > 0 and Ω−ω 0 < 0. Then, the substitution of Eqs. (72) and (73) into Eq. (71) yields the input-output relations as
whereâ ± :=â(ω 0 ± Ω),b ± :=b(ω 0 ± Ω), andd ± :=d(ω 0 ± Ω). Here, we note that the carrier part in Eq. (76), which is proportional to δ(Ω) diverges due to the radiation-pressure contribution κ ∝ Ω −2 . Since we can predict this divergent part and can be removed by the data taking or the data analysis processes, this carrier part is ignored.
Two-photon formulation
Here, we note that the two-photon formulation is applicable in our situation ω 0 ≫ Ω and we introduce the operatorŝ
In the two-photon formulation which treats the situation where the carrier field is proportional to cos ω 0 t,â 1 ,b 1 , andd 1 are regarded as amplitude quadratures. On the other hand,â 2 ,b 2 , andd 2 are regarded as phase quadratures. Through these amplitude and phase quadratures, the input-output relation (76) yields
In Eq. (80), the first term is the divergent classical carrier field induced by the radiation pressure force due to the mirror motion. The second term is the shot noise from the quantum fluctuations from the bright port and the dark port. The last term in Eq. (80) is the radiation pressure noise due to the mirror motion which originally comes from the quantum fluctuation in the incident optical beam from the bright port. On the other hand, in Eq. (81), the first term is the classical carrier field which leaks from the light source by the phase offset θ. The second term is the shot noise from the quantum fluctuation from the bright port and the dark port. The third line is the radiation pressure noise due to the mirror motion which originally comes from the quantum fluctuations in the vacuum from the dark port. The last term is the gravitational-wave signal.
Although the classical carrier parts in
is completely determined in classical sense and can be removed in the data analysis, we also note that the classical carrier part which diverge due to the radiation pressure force contributes only to the amplitude quadrature D † db 1 D d . Therefore, as far as we observe only
, the divergent term due to the radiation pressure force cancels and we do not have to care about this divergence.
Finally, we note that if we choose θ = 0, Eqs. (80) and (81) are reduced
respectively. This is the conventional input-output relation for the Michelson gravitational-wave detector [13] . This means that the input-output relation (80) and (81) are recover the usual input-output relation which is well-known in the gravitational-wave community. Furthermore, this also means that the set of the original input-output relation (49) and Eqs. (65) and (66) of mirrors' motions are the natural extension of the conventional input-output relation of the Michelson interferometric gravitational-wave detector.
Weak-value amplification from the extended input-output relation
Here, we consider the situation of the weak measurement in the interferometer setup depicted in Fig. 1 from the input-output relation (49) to show that this input-output relation actually includes the weak-value amplification. Without loss of generality, we may choose ω > 0 in Eq. (49):
To discuss the weak measurement from this input-output relation, we concentrate on the output photon number operatorn(ω) to the photo-detector
and its expectation value in the state (42) is given by
Here, we consider the situation whereẐ com andẐ dif f are classical, i.e., proportional to the identity operator in the sense of quantum theory and their frequency-dependence are negligible. Furthermore, the complex amplitude α(ω) for the coherent state from the light source is real and has its compact support within the frequency ω ∈ [0, ∞] and is rapidly decreasing at the boundaries ω → 0 and ω → +∞ of this range. This is the situation discussed by Nishizawa in Ref. [7] .
Substituting Eq. (84) into Eq. (86), and taking the linear term with respect toẐ com andẐ dif f , we obtain
where we introduce the definite integral I s+3/2 (τ, α) defined by
When α(ω) is given by the Gaussian function, this definite integral I s+3/2 (τ, α) does converge and expressed using the parabolic cylinder function [16] . Here, we define n 0 (ω) and δn(ω) by
so that n(ω) = n 0 (ω) + δn(ω).
As explained in Sec. 2.2, we consider the normalized frequency distribution f (ω) of the output photon number defined by Eq. (11). We evaluate the expectation value of the frequency ω under the distribution function f (ω) as
where we denoted
Furthermore, we introduce following definite integrals
When α(ω) is the Gaussian function, these definite integrals do converge. Using these definite integrals, the expectation value (92) of the frequency ω under the distribution function (11) is given by
When θ ≪ 1, the second term in Eq. (97) is dominant, i.e.,
This is the weak-value amplification effect. We note that there is no effect of the quantum fluctuations which described by the quadraturesâ nord, but completely determined by the amplitude α(ω) of the coherent state for the quadratured. We also note that these arguments does not seriously depend on the details of the real function α(ω).
Thus, we have shown that our derived input-output relation (49) actually includes the situation of the weak-value amplification.
Summary and discussion
In this paper, we considered the extension of the input-output relation for a conventional Michelson gravitational-wave detector to compare the weakmeasurement inspired gravitational-wave detector in Ref. [7] with conventional one. The main difference between these detectors is the injected optical field, which is a continuous monochromatic laser in conventional one and is the continuous pulse beam in the model of Ref. [7] . Therefore, we extend the conventional input-output relation for the gravitational-wave detector to the situation where the injected photon state is a coherent state with an arbitrary complex amplitude α(ω). We also showed that our extended input-output relation actually includes both situations of conventional gravitational-wave detectors and that where the weak-value amplification occurs. This is the main result of this paper.
Within this paper, we do not discuss quantum noise in the situation where the weak-value amplification occurs. However, in principle, we will be able to discuss quantum noises, i.e., the shot noise and the radiation-pressure noise due to the quantum fluctuations of photons in the Michelson interferometric gravitational-wave detector, even in the situation where the weak-value amplification occurs. In our derivation, we regard that the Fourier transformed variables describes the situation of the stationary continuous measurement through the average of the many pulses. Although this stationarity is an assumption throughout this paper, we can discuss the time-evolution of the gravitational-wave signal through the frequency dependence of the mirror displacement in the extended input-output relation in Sec. 3. This is the difference from discussions in Ref. [7] which assume that the mirror displacement is constant in time. In Sec. 5, we just dare to consider the situation where the mirror displacement is constant in time just for the comparison with Ref. [7] . For this reason, we should regard that our derived input-output relation in Sec. 3 is different from that derived in Ref. [7] .
In spite of this difference from Ref. [7] , we reached to the same conclusions as those in Ref. [7] . First, as discussed in Sec. 5, the weak-value amplification from the input-output relation (49) is the effect due to the carrier field α(ω) of the coherent state from the light source and has nothing to do with the quantum fluctuations described by the annihilation and creation operators for photon. Second, together with the amplification of the gravitational-wave signal, the weak-value amplification also amplify the radiation-pressure noise which is one of important quantum noise in gravitational-wave detectors. These two conclusions are not affected by the details of the analyses. In this sense, these are robust. In addition to the above two conclusions, from the comparison between the input-output relations (76) in Sec. 4 and Eq. (84) in Sec. 5, we may say that a conventional Michelson gravitational-wave detector already includes the essence of the weak-value amplification as the reduction of the quantum noise from the light source through the measurement at the dark port as the final conclusion.
In the situation where the weak-value amplification occurs discussed in Sec. 5, the unperturbed photon number, i.e., the first term in the right-hand side of Eq. (87), proportional to sin 2 (θ/2) and there are factors sin 2 (θ/2) and sin(θ/2) cos(θ/2) in the coefficients ofẐ com andẐ dif f , respectively. Since we consider the expectation value of ω under the conditional photon-number distribution f (ω) defined by Eq. (11), we divide the perturbed terms, i.e., the second term in the right-hand side of Eq. (87) which are proportional toẐ com orẐ dif f , by the unperturbed photon number in Eq. (87). Through this process, the factor sin 2 (θ/2) in the coefficient of the term includingẐ com canceled out, but the coefficient of theẐ dif f becomes cot(θ/2). Then, if we choose θ ≪ 1, the term which includesẐ dif f is dominant. This is the weakvalue amplification. Actually, the weak value in our setup depicted in Fig. 1 is proportional to cot(θ/2) as shown in Eq. 6. The important point is the fact that the weak-value amplifiesẐ dif f which includes not only gravitational-wave signal h(Ω) but also the radiation-pressure noise. Therefore, we cannot improve the signal to noise ratio by the weak-value amplification at least in the simple model in this paper as pointed out by Nishizawa [7] . Since the reduction of these noises from the dark-port is the main target in some researches of gravitational-wave detectors, this model is not useful for this target.
On the other hand, we compare of input-output relations (76) and (84) through the original input-output relation (71). The coefficients ofẐ com andẐ dif f in Eq. (97), which yields the weak-value amplification, are determined by the last term in the input-output relation Eq. (84). The same (sin(θ/2), cos(θ/2))-dependence in the input-output relation can be seen in the original input-output relation (49). The same dependence can also be seen in the input-output relation (71) for the conventional gravitational-wave detector and subsequent input-output relations (76), (80) and (81). Therefore, the same effect as the weak-value amplification is already included in the conventional Michelson-interferometric gravitational-wave detector through the photon detection at the anti-symmetric port which are nearly dark-port. We may say that the common motionẐ com and, equivalently, the quantum fluctuations associated with the quadratured which affect the input-output relation throughẐ com are negligible due to the the weak-value amplification. This is the meaning of the above final conclusion.
Although the model discussed here is not useful for the reduction of the quantum noise at the dark port in a gravitational-wave detector, there are still rooms to discuss the weak-measurement inspired gravitational-wave detector. One of the issues to be clarified is the effect due to the optical pulse injection from the light source instead of the monochromatic continuous optical laser in the conventional gravitational-wave detectors. As the first step of this research is to examination of the input-output relation of (49) without the approximation in which we regard thatẐ com andẐ dif f are almost constant, while our arguments in Sec. 5 are based on this approximation. This examination will leads to discussion of the direct comparison with the conventional Michelson-interferometric gravitational-wave detector. To complete this discussion, we have to examine the problem whether or not the assumptions which are introduced when we derive the conventional inputoutput relations (82) and (83) are also valid even in the model of Ref. [7] . First, to derive these input-output relations, we concentrate on the sidebands ω 0 ± Ω as Eq. (71). We have to discuss the sideband picture is appropriate for the weak-measurement or not. As far as the discussion within the level of Sec. 5 in this paper, we cannot apply the sideband-picture in the weakmeasurement inspired gravitational-wave detector. Second, in the derivation of Eq. (82) and (83), we ignored the high frequency modes with the frequency 2ω 0 ± Ω. On the other hand, in our weak measurement model, we consider the broad frequency distribution of the photon field in Sec. 5. We have to judge whether we can ignore the high frequency modes even in the weak-measurement inspired gravitational-wave detector, or not. Finally, we considered the situation ω 0 ≫ Ω in the derivation of Eq. (82) and (83). This will not be appropriate in the weak-measurement inspired gravitational-wave detector.
In addition to the above problem, the input-output relation (49) might not converge due to the response of the detector. This will be the most important issue for the model in Ref. [7] . Roughly speaking, 2 . If this divergence is true and important in our situation, we have to carefully discuss the physical meaning of this divergence and treat it delicately.
We have to carefully discuss these issues for the complete comparison between the weak-measurement inspired gravitational-wave detector and the conventional Michelson gravitational-wave detector. However, these issues are beyond the current scope of this paper. Therefore, we leave this comparison with conventional gravitational-wave detectors as one of future works.
Even if we complete the arguments in the case whereẐ com andẐ dif f are not constant, we might reach to the conclusion that the conventional Michelson-interferometric gravitational-wave detector is more appropriate as a gravitational-wave detector than weak-measurement inspired gravitationalwave detectors. However, even in this case, we will be able to discuss the effect of the pulse-train light source. In the experimental optics, there is a report on the ultrashort optical pulse trains produced by the mode lock laser, which states that there are shot noise correlations in the frequency domain of an ultrashort optical pulse trains and we can reduce the shot noise using this correlation [17] . If we can use the same technique as this experiment, there is a possibility to reduce the shot noise through the correlations in the ultrashort optical pulse train produced by the mode-lock laser. Of-course, this is no longer the weak-value amplification but this idea comes from the point of view inspired by the weak measurements. We will hope that our discussion in this paper will be useful when we discuss this interesting possibility. We also leave this interesting possibility as one of future works.
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